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Critical transition points between symmetry-broken phases are characterized as fixed points in
the renormalization group (RG) theory. We show that, following the standard Wilsonian procedure
that traces out the large momentum modes, this well known fact can break down in non-Hermitian
systems. Based on non-Hermitian Su-Schrieffer-Hegger (SSH)-type models, we propose a real-space
decimation scheme to study the criticality between the topological and trivial phase. We provide
concrete examples and an analytic proof to show that the real-space scheme perfectly overcomes the
insufficiency of the standard method, especially in the sense that it always preserves the system at
criticality as fixed points under RG. The proposed method can also greatly simplify the search of
critical points for complicated non-Hermitian models by ruling out the irrelevant operators. These
results pave the way towards more advanced RG-based techniques for the interacting non-Hermitian
quantum systems.
Introduction.–The theory of RG achieved enormous
success on the critical phenomena and phase transitions
accompanied by symmetry breaking. A key observation
that evokes fundamental developments of RG is that,
the correlation length ξ emergent from Gaussian approx-
imation is divergent and responsible for the singularities
in various of thermal dynamical functions at the criti-
cality [1]. Thus, the critical behavior is dominated by
fluctuations that are statistically self-similar within the
length scale ξ, ensuring that the critical point must be
a fixed point under the dilation of short-distance fluctu-
ations. This invariance of critical point is a fundamen-
tal requirement, which is also obeyed by transitions be-
tween phases characterized by distinct topological num-
bers [2, 3]. Moreover, since the topological numbers, be-
ing integers robust against the continuous perturbation,
cannot flow under dilation, RG trajectories cannot cross
the critical point from one phase to another.
Recent years also witnessed developments on non-
Hermitian topological systems. The non-Hermicity,
which can originate either from the loss and gain [4–7]
or the decaying quasi-particles in open systems [8–13],
bring to forth a number of remarkable phenomena when
it meets the nontrivial topology, including the breakdown
of bulk-boundary correspondence [14–28], the emergence
of new topological invariants [16, 17, 19, 29–37], and the
non-Hermitian skin effect [38–44]. These results further
lead to the born of the non-Bloch topological band the-
ory, the enriched topological classifications according to
symmetries [45–47], new universal behaviors in conformal
field theory [48], and more [49–65]. On the other hand,
the quantum phase transitions and the critical phenom-
ena are much less studied in non-Hermitian topological
systems. The RG approach that properly incorporates
the non-Hermicity is yet to be investigated carefully.
FIG. 1. (color online). Schematic plot of RG flow and the RG
procedure for Hermitian and non-Hermitian systems. (a) and
(b) indicate the CHS (S2) and the RG flows in the Hermi-
tian and non-Hermitian model, respectively. The flow gener-
ated by standard coarse-graining in momentum space remains
within the CHS but flows out of the CHS in the former and
latter case respectively. (c) The standard RG that integrates
out the higher energy window, leading to an effective Hamil-
tonian in lower energy scale. (d) Both the real and imaginary
window need to be decimated in non-Hermitian system, where
the ratio of decimation is important to preserve the criticality.
In this work, we propose a RG method applicable to
non-Hermitian topological systems. For purpose of clar-
ity, we firstly introduce the general idea and results as
follows. Assuming that a general model has N tuning
parameters forming a vector, g = {g1, g2, , ..., gN}, then,
in the phase diagram, the boundary separating differ-
ent phases can in general be a manifold embedded in
2R
N , which we term as the critical hyper surface (CHS)
for brevity, as schematically exemplified by the S2 em-
bedeed in R3 in Fig.1(a),(b). The correlation function,
as discussed before, is divergent in the manifold, there-
fore the RG transformation must keep the CHS invari-
ant, namely, any RG flows with initial points located
in the CHS should always remain within it. To ob-
tain the flows, the coarse-graining is a standard way
that traces out the high-energy degrees of freedom. In
contrary to the Hermitain case where the modes with
|E| ∈ [E0/b, E0] (b > 1) are eliminated (Fig.1(c)), there
occurs two scaling parameters in non-Hermitian systems
bi and br, corresponding to the decimation of the real and
imaginary window respectively, as shown by Fig.1(d). In-
tuitively, one expects that, unlike the Hermitian model
where the flows always remain in CHS as indicated by
Fig.1(a), the ratio bi/br cannot be chosen arbitrarily in
the non-Hermitian case, otherwise the CHS may not re-
main invariant as shown by Fig.1(b). This poses a funda-
mental question, i.e., the standard coarse-graining does
not ensure the critical points to be fixed points with
non-Hermicity. To overcome this problem, we propose a
block-decimation RG scheme. Using the non-Hermitian
Su-Schrieffer-Heeger (SSH)-type models as examples, we
show that, the proposed RG transformation successively
generates the low-energy effective models describing the
most relevant degrees of freedom with preserving the crit-
icality as fixed points, ensuring the invariance of CHS,
and greatly simplifying the calculation of CHS by ruling
out the irrelevant operators. These results pave the way
for developments of advanced analytical and numerical
RG techniques on interacting non-Hermitian systems.
Coarse-graining of momentum space.––We demon-
strate different RG schemes using the non-Hermitian SSH
models with extended hoppings as typical examples. The
general Hamiltonian we consider reads as,
H =
∑
n,j,µν
tj,µν(c
†
n+j,µcn,ν+h.c.)+(
γj,µν
2
c†n+j,µcn,ν−h.c.),
(1)
where cn,µ is the annihilation operator at site n with
sublattice µ = A,B. tj,µν represents for the first several
nearest neighbor hoppings and γj,µν indicates the non-
Hermicity. We consider in this work up to the next near-
est neighbor hopping terms as shown by Fig.2, where the
sublattice indices are rearranged giving rise to parame-
ters, ti and γi with i = 1, ..., 4. Models with different ti
and γi are considered in the following in order to exem-
plify the generality of our methods.
We firstly apply the momentum space RG to Eq.(1)
[66] for a simple case with only nonzero t1, t2 and γ1.
The Hermitian SSH model with γ1 = 0 is well studied; for
t1 6= t2, the system acquires a mass gap at k = pi (mod by
2pi). Thus, one can obtain the long-distance continuum
field theory near k = pi, to which we perform the coarse-
graining of fast modes, leading to the fixed point, t1 = t2.
FIG. 2. (color online). The SSH-type model with hopping t1,
t2, t3, t4 and their non-Hermitian terms γ1, γ2, γ3, γ4. t1 =
t0,AB , γ1 = γ0,AB , t2 = t1,BA, γ2 = γ1,BA, t3 = t1,AB , γ3 =
γ1,AB .
The system at t1 = t2 is gapless, scaling-invariant critical
state between the topological trivial and nontrivial phase
with winding number 0 and 1, respectively. As expected,
the standard method characterizes the critical state as
fixed point in RG sense, as explicitly shown by the red
line t1 = t2 in Fig.2, which is the RG-invariant CHS
embedded in 2D plane (t1, t2).
FIG. 3. (color online). RG flow obtained by momentum space
coarse-graining, with nonzero bare parameters t1, t2 and γ1.
The t1-t2 plane corresponds to the Hermitian model, where
a red straight line t1 = t2 indicates the fixed point under
RG. In the non-Hermitian region with nonzero γ1, two CHSs
emerge as shown by the blue and grey surface. These are not
invariant under the RG transformation.
After turning on γ1, the CHS for the non-Hermtian
model can be calculated utilizing the notion of the gen-
eralized Brillion zone (GBZ) [16, 19, 29–31], leading to
|t21−
γ2
1
4 | = |t
2
2−
γ2
2
4 | [66]. As shown in Fig.3, two branches
of CHS embedded in space (t1, t2, γ1) occur, where the
grey surface intersects with the “Hermitian plane” at
t1 = t2 and with the blue surface at t1 = γ1/2. Then, we
apply the same RG transformation as above to the long-
distance continuum model derived near the blue branch
of CHS [66]. It turns out that the CHS does not remain
invariant as long as γ1 6= 0, as shown in Fig.3, the RG
trajectories, i.e., the dashed curves with arrows, gener-
ically pass through the CHS, crossing from the trivial
to nontrivial phase. The example shows that the non-
3Hermitian system at criticality is not respected by the
standard momentum space RG.
Block-decimation in real space.– The issue of the above
conventional method is twofold. First, the decimation of
the large momentum modes does not necessarily trace
out the high energy windows with the proper ratio br/bi,
as indicated by Fig.1(d), and second, it is known that
the wave vector emergent from periodic boundary con-
dition is not able to characterize intrinsic feature of
non-Hermitian states. We now propose a general block-
decimation method to overcome these issues.
Firstly, we rewrite Eq.(1) more compactly as, H =∑
n
∑N
j=−N
∑
µ,ν t˜j,µνc
†
n+j,µcn,ν , where the hopping
t˜j,µ,ν has absorbed the non-Hermitian terms. Then, we
formally reshape the 1D chain into a ladder composed of
an upper and a lower chain, each of which consists of two
sublattices in a unit cell, as shown by Fig.4(a). Mean-
while, the total Hamiltonian is separated into three parts
H = Hu+Hd+Hud, where Hu and Hd describes the up-
per and lower chain respectively, and Hud the interchain
hopping. The partition function of the total system is
then cast into Z =
∫
DψuDψuDψdDψde
−(Su+Sd+Sud),
where
Sa[c¯, c] = −
∑
iωn
∑
k∈BZ′
ψ¯k,iωn,a(iωn − f
0
k)ψk,iωn,a, (2)
with a = u, d. ψk,iωn,a = [ck,iωn,A, ck,iωn,B]
T is
the Grassmann field. f0k is the kinetic term, a ma-
trix in sublattice space whose elements are f0k,µν =∑l
j=−l t˜2j,µνe
−i(2jk)with l being the largest integer less
than or equal to N/2. Since the reciprocal space is also
modified under decimation, the sum of k in Eq.(2) is
restricted within BZ ′. The action for the interchain cou-
pling can be written as,
Sud =
∑
iωn
∑
k∈BZ′
(ψk,iωn,df
t
kψk,iωn,u + ψ¯k,iωn,uf
t
kψk,iωn,d),
(3)
where the components of the matrix ftk reads as f
t
k,µν =∑N−l
j=−N+l+1 t˜2j−1,µνe
−i(2j−1)k. Since the action is bilin-
ear in terms of Grassmann fields, we exactly integrate
out the lower chain as indicated by Fig.4(a), generating
an effective action for the renormalized upper chain as,
S′u = −
∑
iωn
∑
k∈BZ′
ψ¯k,iωn,uG
−1(iωn, k)ψk,iωn,u. (4)
The retarded Green’s function G(ω, k) = ω+ − f0k −
ftk(ω
+ − f0k)
−1ftk with ω
+ = ω + i0+ is obtained from
the Matsubara Green’s function by analytic continuation.
Since our main focus in this work is to investigate the crit-
ical points which take place in the low-energy window, it
is convenient to take the low-frequency limit in G(ω, k),
which well preserves the low-energy states as long as the
lower chain remains gapped. Then, one can read off an
effective Hamiltonian from Eq.(4) as,
Heff =
∑
k∈BZ′
ψ†k,u(f
0
k − f
t
k(f
0
k)
−1ftk)ψk,u (5)
which, after rescaling back to the original BZ, serves as
the starting point for the next RG step.
The block-decimation was firstly invented for classical
and quantum spin models [67, 68]. its application to
the non-Hermitian topological systems in the fashion of
functional representation has not been explored to date.
Unlike the momentum coarse-graining, which inevitably
introduces bias between the decimation of the real and
imaginary energy modes, the real-space approach treats
them on equal footing because both are traced out in the
same manner.
Now we apply the block-decimation RG to some spe-
cific models. The first example we consider has nonzero
parameters, ti and γi with i = 1, 2, 3, as shown by Fig.2.
Following the above steps, we obtin Heff describing the
renormalized upper chain, which shares the same form
as the bare one but with renormalized parameters. The
procedure generates a relation between the bare param-
eters g = {t1, t2, t3, γ1, γ2, γ3} and the renormalized ones
g′ = {t′1, t
′
2, t
′
3, γ
′
1, γ
′
2, γ
′
3} , i.e., g
′ = R[g], which is a com-
plicated algebraic mapping in the 6D parameter space
[66].
An analytic solution of the mapping R can be ob-
tained for t3 = γ3 = 0, which leads to t
′
1 = t1,
γ′1 = γ1, t
′
2 = −[2t2γ1γ2 + t1(4t
2
2 + γ
2
2)]/(4t
2
1 − γ
2
1) and
γ′2 = −(4t
2
2γ1 + 8t1t2γ2 + γ1γ
2
2)/(4t
2
1 − γ
2
1). Using the
above relations, one then obtains t′21 − γ
′2
1 /4 = t
2
1− γ
2
1/4,
t′22 − γ
′2
2 /4 = (t
2
2 − γ
2
2/4)
2/[t21 − (γ
2
1/4)]. On the other
hand, the CHS in this case can be exactly found as a
hypersuface in R4 satisfying |t21−γ
2
1/4| = |t
2
2−γ
2
2/4| [66].
Given a bare model located in the CHS, it then becomes
obvious that |t′21 −γ
′2
1 /4| = |t
′2
2 −γ
′2
2 /4| is always satisfied
after any steps of the RG mapping R., clearly showing
the invariance of the CHS. For more complicated case
with t3 6= 0 and γ3 6= 0, we numerically evaluate the
winding number W [16, 19] for each RG step l, whose
sudden change indicates the critical points as a function
of l. Fig.4(b) shows the winding numbers as a function
t2 with other parameters fixed. The sudden change ofW
indicates the critical point being around t2c = 1.5. The
blue and red horizontal data lines in the inset of Fig.4(b)
show the positions of t2c as a function of the RG step l,
for t1 = 1.8 and t1 = 1.0, respectively, clearly displaying
the invariance of the critical points under the proposed
RG transformation.
As another example, we consider a slightly different
model with t3 = 0 and t4 6= 0 in Fig.2. In this case,
longer-range hopping terms absent in the bare Hamil-
tonian emerge after RG transformation [66]. To testify
whether the CHS is invariant, we calculate the energy
spectrum |E| for the renormalized model, Heff , under
open boundaries, where the critical points are indicated
4by the gapless nodes |E| = 0. On the other hand, the
critical points of the bare model can be accurately ob-
tained by examining the winding number W . As shown
by Fig. 4(c), the critical points of the renormalized and
bare model are found to match exactly with each other.
Therefore, the block decimation still respects the CHS
even if new hopping terms are generated under RG.
More generally, suppose a new set of hopping terms ta
emerge that are absent in g of the bare model. In this
case, a CHS described by S(g, ta) = S(R(g)) = 0, can
in principle be found, but embedded in the higher di-
mensional space of renormalized parameters, RD, where
D = dim[g] + dim[ta]. The “intersection” between
S(g, ta) = 0 and the manifold R
dim[g] automatically gives
rise to a submanifold of S(g, ta) = 0, which is nothing
but the CHS embedded in Rdim[g], i.e., S0(g) = 0. Being
a submanifold, S0(g) = 0 is thereby equivalent to the
“intersection” of the two CHSs, S(g, ta) = S0(g) = 0,
therefore S(R(g)) = S0(g) = 0, i.e., the CHS remains
intact under the proposed block-decimation.
FIG. 4. (color online). Block-decimation of SSH chain and the
invariance of CHS. (a) Deformation of Fig(2) into a ladder,
where the even unit cells are pull down to form the lower
chain. The gridded sites in the lower-chain are integrated
out. (b) Calculated winding number W as a function of t2,
with t1 = 1.8, t3 = 1/5, γ1 = 5/3, γ2 = 1/3, γ3 = 1/6. The
inset shows that the critical points t2c do not change with
RG step l. (c) The spectrum of the effective Hamiltonian
for l = 1 and the winding number W of the bare model.
t1 = 1, t4 = 0.1, γ1 = 1/3. The gapless nodes of renormalized
spectrum agrees exactly with the critical points of the bare
model. This validates the invariance of CHS and also justifies
the bulk-edge correspondence in the non-Bloch topological
band theory. The values of parameters are taken zero if not
claimed.
An analytic proof.– We now provide a rigorous proof
for the following claim, i.e., the block-decimation pre-
serves the CHS of any 1D non-Hermitian systems as long
as the subsystem to be traced out, e.g., the lower chain
in Fig.2, remains gapped. To achieve so, we start from
the general renormalized Hamiltonian Heff in Eq.(5) un-
der the open boundaries. Then, we promote the Bloch
wave-vector to k = −ilnβ and modify BZ to the GBZ
[19]. Since the CHS for the Heff at each RG step is de-
termined by the gapless nodes in GBZ with |E| = 0, it
is sufficient to prove that the gapless nodes remain un-
changed under the block-decimation.
Suppose that H
(l)
eff at the l-th RG step is obtained.
Using Eq.(2) and Eq.(3), it can be written into a ma-
trix as, H
(l)
eff = τ
0f
(l),0
β + τ
xf
(l),t
β , where τ denotes the
upper/lower chain space and f
(l),0
β , f
(l),t
β are the matri-
ces at the l-th step, similar to those of Eq.(5). Then
for the l + 1-th step, the GBZ can be uniquely deter-
mined by the eigen-equation, H
(l+1)
eff α = E
(l+1)α, where
H
(l+1)
eff = f
(l),0
β − f
(l),t
β (f
(l),0
β )
−1f
(l),t
β , as well as a condition
|βM | = |βM+1|, where βi with i = 1, 2, ..., 2M are the so-
lutions of the eigen-equation satisfying |β1| ≤ |β2| ≤ ... ≤
|β2M |. Here, 2M is the degree of the algebraic equation
for β [19]. Moreover, as long as there exists gapless nodes
in the spectrum ofH
(l+1)
eff , they are determined by follow-
ing equation,
det[H
(l+1)
eff ] = 0, and β ∈ GBZ. (6)
The first condition in Eq.(6) generates βi as function of
the model parameters gl at step l, since both f
(l),0
β and
f
(l),t
β are dependent on gl. The second condition β ∈
GBZ further requires that |βM (gl)| = |βM+1(gl)|, which
uniquely produces the implicit expression of the CHS at
the l + 1-th step. Similar to Eq.(6), the CHS at the l-th
step is then described by
det[H
(l)
eff ] = 0, and β ∈ GBZ. (7)
Last, we note that Eq.(6) and Eq.(7) are related to each
other via a simple matrix product as,
H
(l)
eff
(
1 0
−(f0β)
−1ftβ (f
0
β)
−1
)
=
(
H
(l+1)
eff f
t
β(f
0
β)
−1
0 1
)
,
(8)
such that we obtain for β ∈ GBZ that
det[H
(l)
eff ] = 0 ⇐⇒ det[H
(l+1)
eff ] = 0, (9)
as long as f0β is invertible with det[(f
0
β)
−1] 6= 0. Not-
ing that this essentially requires that subsystem to be
integrated out remains gapful, in consistent with what
we assumed for the low-frequency approximation above
and is satisfied by a large class of models as exemplified
above. The equivalence in Eq.(9) proves that the effective
Hamiltonian at two successive RG step share the same
equation of CHS, i.e., the claim raised above.
Conclusion and discussion.– To summarize, we in-
vestigate the criticality of non-Hermitian system based
5on SSH-type models. We show that the standard RG
with momentum coase-graining is inappropriate to non-
Hermitian phases because it cannot preserve the criti-
cality as RG fixed point. Instead, we propose a block-
decimation scheme based on functional representation
and prove that it produces RG flows that always re-
spect the CHSs of non-Hermitian phases. It is worth-
while to point out that, the method can be easily applied
to complicated models with longer-range hopping whose
CHS is difficult to obtain [66], and it turns out that the
proposed RG method can rule out the irrelevant oper-
ators and greatly simplify the calculation of the CHS
for the renormalized models [66]. These results are not
specific to SSH-type models but have general applica-
tions to other low-dimensional non-Hermitian quantum
systems. The success of the real-space block-decimation
sheds light onto further developments of numerical algo-
rithms and perturbative RG calculations for the realm of
non-Hermitian physics.
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